Abstract. We develop the theory of fractal homeomorphism generated from pairs overlapping affine iterated function systems.
Introduction
We consider a pair of dynamical systems, W : . It can also be deduced from [11] . What is not known, prior to this work, is the explicit relationship between W , on the left in Figure 1 , and the parameters p and γ that uniquely define L, on the right in Figure 1 .
In this paper we prove constructively the existence of L and establish analytic expressions, that use only two itineraries of W , from which both topological invariants γ and p can be deduced. We also provide a direct construction for the graph of H. While γ has been much studied, the parameter p is also of interest because it measures the asymmetry of the set of itineraries of W . Indeed, one motivation is our desire to establish, and to be able to compute, fractal homeomorphisms between attractors of various overlapping iterated function systems, as explained in Section 2.3, for applications such as those in [2] . Our approach is of a constructive character, similar to that in [10] , but founded in the theory of overlapping iterated function systems and associated families of discontinuous dynamical systems. We make use of an analogue of the kneading determinant of [10] , appropriate for discontinuous interval maps, and thereby avoid measure-theoretic existential demonstrations such as those in [11, 5] .
Let I = {0, 1} and I ∞ = {0, 1} × {0, 1} × ... with the product topology. Each point x ∈ [0, 1] has a unique itinerary τ (x) ∈ I, where the k th component of τ (x), denoted by τ (x) k , equals 0 or 1 according as W k (x) ∈ [0, ρ], or (ρ, 1], respectively, for all k ∈ N. Corresponding to each x ∈ [0, 1) we associate an analytic function τ (x)(ζ) := (1 − ζ)
Our first main result specifies the invariants p and γ in terms of two of these functions, and describes the homeomorphism H.
Theorem 1. The topological entropy of W is − ln γ where γ is the unique solution of (1.1) τ (ρ)(γ) = τ (ρ+)(γ), with τ (ρ)(ς) < τ (ρ+)(ς) for ς ∈ [0.5, γ),
H(x) = τ (x)(γ), for all x ∈ [0, 1), and H(1) = 1.
Here τ (ρ+) = lim ε→0 τ (ρ + |ε|). Our second main result provides a geometrical construction of the homeomophism H. Let
and let H denote the nonempty compact subsets of with the Hausdorff topology.
Theorem 2. If gr(H) is the graph of H then
The expression gr(H) = k∈N r k ( ) = lim k→∞ r k ( ) is a localized version of the expression A = lim k→∞ F k ( ) for the attractor A of a hyperbolic iterated function system F on . This paper is, in part, a continuation of [1] . In [1] we analyse in some detail the topology and structure of the address space/set of itineraries associated with W and W + . In this paper we recall and use key results from [1] ; but here the point of view is that of masked iterated function systems, whereas in [1] the point of view is classical symbolic dynamics. The novel innovation in this paper is the introduction and exploitation of the family of analytic functions in equation (1.1), yielding Theorem 1. ** Special case : the affine case; implicit function theorem gives the dependence of p on a,b,and rho. ** Outline of sections and their contents, with focus on how the proofs work. ** Comments on related work by Konstantin Igudesman [7, 8] .
2. Background and Notation 2.1. Iterated functions systems, their attractors, coding maps, sections and address spaces. Let X be a complete metric space. Let f i : X →X (i = 0, 1) be contraction mappings. Let H = H(X) be the nonempty compact subsets of X. Endow H with the Hausdorff metric. We use the same symbol F for the hyperbolic iterated function system (X; f 0 , f 1 ), for the set of maps {f 0 , f 1 }, and for the contraction mapping
Let A ∈ H be the fixed point of F . We refer to A as the attractor of F . Let I = {0, 1} and let I ∞ = {0, 1}×{0, 1}×... have the product topology induced from the discrete topology on I. For σ ∈ I ∞ we write σ = σ 0 σ 1 σ 2 . . . , where σ k ∈ I for all k ∈ N. The product topology on I ∞ is the same as the topology induced by the metric d(ω, σ) = 2 −k where k is the least index such that ω k = σ k . It is well known that (I ∞ , d) is a compact metric space. For σ ∈ I ∞ and n ∈ N we write σ| n = σ 0 σ 1 σ 2 ...σ n . The coding map for F is
where x ∈ X is fixed and
The map π : I ∞ → A is a continuous surjection, independent of x. We refer to an element of π −1 (x) as an address of x ∈ A. A section for F is a map τ : A → I ∞ such that π • τ = i A , the identity map on A. We also say that τ is a section of π. We refer to Ω = τ (A) as an address space for A (associated with F ) because Ω is a subset of I ∞ and it is in bijective correspondence with A.
We write E to denote the closure of a set E. But we write 0 = 000..., 1 = 111... ∈ I ∞ . For σ = σ 0 σ 1 σ 2 . . . ∈ I ∞ we write 0σ to mean 0σ 0 σ 1 σ 2 . . . ∈ I ∞ and 1σ = 0σ 0 σ 1 σ 2 . . . ∈ I ∞ .
2.2.
Order relation on code space, top sections and shift invariance. We define a total order relation on I ∞ , and on I n for any n ∈ N, by σ ≺ ω if σ = ω and σ k < ω k where k is the least index such that σ k = ω k . For σ, ω ∈ I ∞ with σ ω we define
It is helpful to note the following alternative characterization of the order relation on I ∞ . Since the standard Cantor set C ⊂ [0, 1] ⊂ R is totally disconnected, and is the attractor of the iterated function system ([0, 1]; f 0 (x) = x/3, f 1 (x) = x/3+2/3), the coding map π C :
, is a homeomorphism. The order relation on I ∞ can equivalently be defined by σ ≺ ω if and only if π C (σ) < π C (ω).
The order relation ≺ on I ∞ can be used to define the corresponding top section τ top : A → I ∞ for F , according to
Top sections are discussed in [3] . Let Ω top = τ top (A) and let S :
with equality when f 1 is injective, [3, Theorem 2] .
We say that a section τ is shift invariant when S(Ω) = Ω, and shift-forward invariant when S(Ω) ⊂ Ω. The examples considered later in this paper involve shift invariant sections.
The branches of S −1 are s i : 
are invertible, then we define a masked dynamical system for F to be
are invertible, we can define a section for F , that we call a masked section τ M for F , by using itineraries of W M , as follows. Let x ∈ A and let {x n } ∞ n=0 be the orbit of x under W M ; that is, x 0 = x and
where σ n ∈ I is the unique symbol such that x n ∈ M σn for all n ∈ N. Sections defined using itineraries of masked dynamical systems are shift invariant.
Proposition 1. Let the maps
The following diagram commutes:
Proof. (i) Compare with [2, Theorem 4.3] . If the maps are invertible, we can use M to define an itinerary for each x ∈ A, as in (2.1), yielding a section
This is essentially the same as the proof of (ii).
Fractal transformations.
Let G = (Y; g 1 , g 2 ) be a hyperbolic iterated function system, with attractor A G and coding map π G . We refer to any mapping of the form
where τ is a section of F , as a fractal transformation. Later in this paper we construct and study fractal transformations associated with certain overlapping iterated function systems, such as those suggested by the left-hand panel in Figure  2 . We will use part (iv) of the following result to establish Theorem 1.
Proposition 2 ( [2]).
Let τ : A → I ∞ be a section for F and let Ω = τ (A) be an address space the attractor A of F .
(
(iv) If τ is a masked section of F such that the condition in (iii) holds then the corresponding pair of masked dynamical systems, W M : A → A and, say,
Here W MG is defined in the obvious way, as follows. Since Ω is an address space for the attractor A G of G and it is also shift-forward invariant -since it is a masked address space for F -it defines a shift-forward invariant section τ G for G, so by Proposition 1(iii), it defines a mask M G for G such that τ G = τ MG ; we use this latter mask to define the masked dynamical system W MG :
Proof. (i) follows at once from the fact that Ω is a section for both F and G. 3. Overlapping iterated function systems of two monotone increasing interval maps 3.1. General structure. Here we consider iterated function systems, related to W as introduced at the start of Section 1, that involve overlapping monotone increasing interval maps. We introduce two families of masks and characterize the associated sections and address spaces. Let X be [0, 1] ⊂ R with the Euclidean metric. Let 0 < λ < 1. Let
where . Left: the graphs of two functions that comprise an iterated function system F , as described in the text. Right: the graph of a masked dynamical system for F .
We define a one parameter family of masks for F ,
1 (x) otherwise, as graphed in Figure 2 .
The masked section for F is τ = τ (ρ), and the masked code space is Ω = Ω(ρ). The dependence on ρ is implicit except where we need to draw attention to it. For convenient reference we note that, for all x ∈ [0, 1],
For example τ (0) = 0 and τ (1) = 1.
We need to understand the structure of Ω because we will use Proposition 2 to prove Theorem 1. Since Ω ⊂ I ∞ is totally disconnected and A = [0, 1] is connected, it follows that τ : A → Ω is not a homeomorphism and hence that Ω = Ω. (Note
To help to describe Ω we introduce the mask M Proposition 3 is a summary of some results in [1] , that concern the spaces Ω, Ω + , Ω and the sections τ and τ + . In particular, it describes the monotonicity of τ and the subtle relationship between τ and τ + , and it provides a characterization of Ω in terms of two itineraries.
(i) Ω is closed from the left, Ω + is closed from the right, and Let F denote the set of all iterated function systems of the form of F described above, at the start of Section 3.1. Let F ∈ F, and let corresponding quantities be denoted by tildas. That is, let
where f i (i) = i, 0 < f i (y) − f i (x) < λ(y − x) for all x < y, (i = 0, 1) where Both systems have the same set of itineraries and x = H(ρ) = ρ is the location of the discontinuity of W . The two itineraries associated with the discontinuity must be the same for both systems, and in the same order, because the homeomorphism is order preserving.
Proof that (ii)⇒(iii): By Proposition 3 (vii) the closure of the address spaces for the two systems is the same, namely Ω. We are going to use Proposition 2 (iv), so we need to check the condition in Proposition 2 (iii). Suppose that σ, ω ∈ Ω and suppose that π(σ) = π(ω). We need to show that π(σ) = π(ω). Since by Proposition 2 Ω = Ω ∪ Ω + we must have either σ, ω ∈ Ω or σ, ω ∈ Ω + or, without loss of generality, σ ∈ Ω and ω ∈ Ω + . If σ, ω ∈ Ω then π(σ) = π(ω) implies σ = τ • π(σ) = τ • π(ω) = ω, so σ = ω, whence π(σ) = π(ω). Similarly, if σ, ω ∈ Ω + then also π(σ) = π(ω), but this time use τ + . Now suppose σ ∈ Ω, ω ∈ Ω + , and π(σ) = π(ω). Then we have
; but by (ii) these latter two quantities are the same. Hence the condition in 2 (iv) is satisfied.
The other direction of the last part here is essentially the same, but swap the roles of tildas with non-tildas.
Proof that (i) and (iii) are equivalent is similar to the above, again using Proposition 2.
We conclude this section by outlining a direct proof of Theorem 3. Let F and G are two overlapping IFSs, as discussed in this paper, and let corresponding masked dynamical systems (see Figure 1 ) have address spaces Ω F and Ω G , respectively. 
is uniformly continuous. Hence it has a unique continuous extension to Ω, namely π G .
We want to show that this continuous extension is the same as π G τ F π F . This will show that π G τ F π F : Ω → [0, 1] is continuous.
Suppose σ ∈ Ω\Ω. Then, by what we know about the masked code spaces in question, there is a second point σ ∈ Ω such that π G σ = π G σ and π F σ = π F σ. 
3.2. The special structure of the trapping region. The material in this section is not needed towards the proof Theorems 1 and 2, but is of independent interest because it concludes with Theorem 4 which connects the present work to general binary symbolic dynamical systems.
Consider W : [0, 1] → [0, 1] as at the start of Section 1. It is readily established that W (0) = 0, W (1) = 1, and, for any given x ∈ (0, 1), there exists an integer K so that
, and, for any given x ∈ (0, 1), there exists an integer K so that The sets D and Ω can be described in terms of τ (D). There is some redundancy among the statements in Proposition 4, but all are informative. We define s i :
Proof. These statements are all direct consequences of [1, Proposition 3] and the fact that the orbits of α and β under S| Ω : Ω → Ω must actually remain in τ (D), the closure of the set of addresses of the points in the trapping region. Of particular importance are (v), (vi) and (vii) which taken together provide a detailed description of Ω.
The following Theorem provides characterizing information about all shift invariant subspaces of I ∞ . This is remarkable: it implies, for example if Sα ≻ S 2 α ≻ β ≻ α ≻ S 2 β ≻ Sβ then the overarching set contains a trapping region, and submits to the description in (v), (vi) and (vii).
Theorem 4. Let Ξ ⊂ I
∞ be shift foward invariant, and let the following quantities be well defined:
If Sα ≻ β and α ≻ Sβ (the cases where one or other of these two conditions does not hold are very simple and readily analyzed), then Ξ ⊂ Ω where Ω is defined by Proposition 4 (v) and (vii). In particular, if Sα ≻ S 2 α ≻ β ≻ α ≻ S 2 β ≻ Sβ then the orbits of all points, except 0 and 1 end up, after finitely many steps, in the associated trapping region defined in Proposition 4 (vi).
Proof. Begin by noting that, by definition of α and β we must have Example 1. It is well known that any dynamical system f : X → X can be represented coarsely, by choosing as subset O ⊂ X and defining itineraries
The resulting set of itineraries is foward shift invariant, so Theorem 4 applies. In many cases one can impose conditions on the original dynamical system, such as a topology on X and continuity, to cause Theorem 4 to yield much stronger conclusions, such as Sharkovskii's Theorem, and results of Milnor-Thurston. But even as it stands, the theorem is very powerful, as the following simple example, which I have not been able to find in the literature, demonstrates. Note that it is a kind of min/max theorem. 
}).
Then SΩ ⊂ Ω so we can apply Theorem 4. We readily find that α = 011010100... and β = 1000.... It follows that
whence the corresponding piecewise linear dynamical system is L with slope 1/z and p = (1 − z) where z is the positive solution of
It is readily verified, with the help of Theorem 1 that the dynamical system L = L γ=1/z,p=(1−z) has this property: for all n = 0, 1, 2, ...we have L n (1 − z) > (1 − z) iff n + 1 is prime.
Example 3. This result also holds numerically, approximately: using Maple we find that the solution to P =Prime,P ≤29 z P = z is approximatelyz = 0.55785866. Then, settingL = L γ=1/z,p=(1−z) , we find numerically that for n ≤ 19,L n (1−z) ∈ (1−z, 1] iff n + 1 is prime. 
The set of allowed parameters (a, b, ρ) is defined by the simplex
We either suppress or reference (a, b, ρ) ∈ P depending on the context. The section is τ = τ (a, b, ρ), the address space is Ω = Ω(a,
, and the masked dynamical system is W = W (a, b, ρ). We will denote the coding map for F (a, b) by π a,b :
In the case where a = b = ς we will write this coding map as π ς : I ∞ → [0, 1]. The affine case is the key to Theorem 1, because we can write down explicitly the mapping π a,b using the following explicit formulas:
and so on....
We deduce
Clearly, for each fixed σ ∈ I ∞ , π a,b (σ) is analytic in (a, b) ∈ C 2 with |a| < 1 and |b| < 1. Also, since
It follows that
Let σ ∈ I ∞ be fixed for now, and let ς ∈ C with |ς| < 1. We have
Hence π ς (σ) is analytic for |ς| < 1 and can be continued to a continuous function on |ς| ≤ 1. In particular π 1 (σ) is well defined, finite and real.
Proof of Theorem 1
Lemma 1. If σ, ω ∈ Ω with σ ≺ ω then there is θ ∈ I k for some k ∈ N such that both θα and θβ belong to Ω and σ θα ≺ θβ ω.
Proof. Let σ, ω ∈ Ω with σ ≺ ω. Then there is n ∈ N such that σ| n = ω| n , σ n = 0, ω n = 1. It follow that S n σ α ≺ β S n ω whence, setting θ = σ| n we have the stated result. Since Sβ ≺ α ≺ β ≺ Sα, it follows from [1, Proposition 3] that θα ∈ Ω, θβ ∈ Ω + , and both θα and θβ ∈ Ω. Lemma 2. If there is γ ∈ (1/3, 1) such that γ = inf{ζ ∈ (0, 1) : π ς α = π ς β}, and if ς < γ, σ, ω ∈ Ω and σ ≺ ω, then π ς (σ) < π ς (ω) and π γ (σ) ≤ π γ (ω). If there is no such γ ∈ (1/3, 1), then σ, ω ∈ Ω and σ ≺ ω, imply π ς (σ) < π ς (ω) for all ς < 1.
Proof. Suppose that is γ ∈ (1/3, 1) such that γ = inf{ζ ∈ (0, 1) :
Using continuity of π ς σ in ς and σ, and compactness of Ω it follows that there is σ, ω ∈ Ω, with σ 0 = 0, ω 0 = 1, such that πς (σ) = πς (ω).
Supposeς < γ. So, for brevity we will assume that both σ = α and β = ω; it will be seen that the other two possibilities can be handled similarly. We have that
because π 1/3 is order preserving. We also have,
Hence, by the intermediate value theorem, since πς (σ) = πς (ω), there is ξ ≺ς such that either π ξ (σ) = π ξ (α) with σ = α or π ξ (β) = π ξ (ω) with β = ω. That is, either the graph of π ξ (σ), as a function of ξ, intersects the graph of π ξ (α) at some point ξ <ς or the graph of π ξ (β) intersects the graph of π ξ (ω) at some point ξ <ς. Suppose that π ξ (σ) = π ξ (α) with σ = α. Let k be the least integer such that π ξ (σ) = π ξ (α) with (S k σ) 0 = (S k α) 0 and let {σ,ω} = {S k σ, S k α} whereσ 0 = 0 andω 0 = 1. Then we note that π ξ (σ) = π ξ (α) implies π ξ (σ) = π ξ (ω),withσ 0 = 0 andω 0 = 1. Hence ξ ≥ς which is a contradiction. Similarly we show that it cannot occur that π ξ (β) = π ξ (ω) with β = ω. We conclude thatς = γ.
Hence if ς < γ, σ, ω ∈ Ω and σ ≺ ω, then we cannot have π ς (σ) = π ς (ω). (For if so, then, similarly to above, let k be the least integer such that π ξ (σ) = π ξ (ω) with (S k σ) 0 = (S k ω) 0 and set {σ,ω} = {S k σ, S k ω} whereσ 0 = 0 andω 0 = 1; then π ς (σ) = π ς (ω) would imply π ξ (σ) = π ξ (ω),withσ 0 = 0 andω 0 = 1.) Since It follows that either there exists γ as described in Theorem 1 with γ < 1, or else π ς τ + ρ < π ς τ ρ for all ς < 1 and lim ς→1 (π ς τ + ρ − π ς τ ρ) = 0. Later we will show that the second option implies that the system must have zero entropy, which is impossible, so the second option here cannot occur. But first we explain why, in the first case, Theorem 1 is implied. Proof. The address space of L γ,p is uniquely determined by the two itineraries of p = π γ τ ρ. By direct calculation it is verified that these addresses must be α = τ ρ and β = τ + ρ. Simply apply L γ,p to π γ τ ρ and L + γ,p to π γ τ + ρ, and with the aid of Lemma 2, validate that the addresses of these two points, π γ τ ρ and π γ τ + ρ are indeed τ ρ and τ + ρ. (The assertion σ ≺ ω ⇒ π γ (σ) < π γ (ω), assured by Lemma 3, implies that at each iterative step, in the computation of π γ τ ρ, the current point lies in the domain of the appropriate branch of L γ,p .) Lemma 6. Let there exist γ as described in Theorem 1 and let γ < 1. Then Theorem 1 holds.
Proof. This follows from Lemma 5 together with Proposition 3 parts (iii) and (iv). (Equivalently it follows from Corollary 1: I think I have in effect duplicated the intended proof of Corollary 1.) Lemma 7. The equations τ (ρ)(γ) = τ (ρ+)(γ), with τ (ρ)(ς) < τ (ρ+)(ς) for ς ∈ [0.5, γ), possess a unique solution γ < 1.
Proof. If π ς τ + ρ < π ς τ ρ for all ς < 1 and lim ς→1 (π ς τ + ρ − π ς τ ρ) = 0 then by (similar argument to the one in Lemma4) that x implies π ς τ x < π ς τ y for all ς < 1. It follows that π ς τ ([0, 1]) is an invariant subset of the dynamical system L p,ς for all ς < 1, whence the topological entropy of W is less than log 1/λ which is impossible because W has slope larger than or equal to 1/λ.) Theorem 1 follows from Lemmas 6 and 7.
Proof of Theorem 2
This is straightfoward.
